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DEVELOPMENT OF A MODEL FOR DISTRIBUTED SATURATION
CHARACTERISTICS IN INTEGRATED DEVICES*

By W. W. Happ
National Aeronautics and Space Administration
Cambridge, Massachusetts
and
L. B. Dickson
Motorola Semiconductor Co.
Scottsdale, Arizone

SUMMARY

The characteristics of an integrated circuit transistor,
operating in the saturated mode, cannot be determined from
simple lumped parameter relationships. Due to the geometry
of these transistors, the series collector resistance must
be calculated using conformal mapping techniques.

To accurately determine the saturation characteristics,
distributed models are developed for the five regions of the
transistor. Using these models as a guide, difference equa-
tions describing each region are formulated. Insight into
the operation of the transistor can be gained by examining
the internal current densities predicted by the model.

INTRODUCTION

The saturation voltage specification is often the most
severe specification placed upon an integrated circuit
transistor, and many times the ac as well as the dc-voltage
performance is limited by this specification. To truly
optimize the design of an integrated circuit transistor, a
method for calculating the saturation voltage, Vce(sat , 1s
necessary. (All symbols to be used are defined in the ppendix.)

The saturation characteristics of the integrated circuit
transistor in Figure 1 depend upon two-dimensional current
flow. The following must be considered:

(1) The effect on the emitter-base potential, Ve, of the
lateral current flow in the distributed base
resistance.

(2) The combined effects of lateral current flow in the
base and collector regions on the collector base
potential, V..

(3) The effect of the planar base and collector contacts
on the series base resistance, Rpj, and series
collector resistance, Rg-

*The work reported here was published in part an an M.S. thesis
of L. B. Dickson at Arizona State University.




This investigation considers all of these effects.
Previous related investigations by Ebers and Moll (ref. 1),
Gosh (ref. 2), and Hauser (ref. 3) have only partially
treated this problem. Dr. F. A, Lindholn of the University of
Florida and Dr. J. Staudhammer of Arizona State University have
significantly contributed ideas and valuable suggestions to this

work.
ASSUMPTIONS FOR THE DISTRIBUTED MODEL

A one-dimensional model for the intrinsic transistor has
been postulated by Ebers and Moll (ref. 1). This model gives
the black-box performance of a three-layer transistor in terms
of the junction potentials, terminal currents, and A(e,c)
parameters, as defined in Egs. (1) and (2) in Figure 2, using the
terminology defined in the Appendix.

\Y Vv
_ &y - - _Cy -
Ie = Aee [éxp (V ) ] Aec [exp (V ) l] (1)
t t
Ve VC
Ic = Ace exp (V_) -1 + Acc [exp (V_) —1] (2)
t t
where: V, = kT
t q

The intrinsic saturation voltage, Vge(gat)*, may be
obtained from this model by solving Egs. (1) and (2) for V. and

Ve

then

v -y =v 1n 1 + IC/Ib (l—an/un)(l—al)

v = —=--1(3)
ce (sat) * e c t O (l—IC/Ib)(l—an/an)

Vee (sat) * is proportional to log ar. For small values of of,
such as those experienced in integrated circuit transistors,

Vee (sat) * is sensitive to changes in ar.

The expression for Vceésat)* neglects the effect of Rg(-
The standard approximation defining the total saturation

voltage

= -— froend +
vce(sat) Ve Vc + Ic Rsc vce(sat)* Ic Rsc (4)

is valid only for conventional transistors with one-dimensional
flow.
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Figure 1.

Cross section of one half of an integrated circuit
transistor showing the structure, distributed re-
sistances, basic regions, and X axis
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Figure 2.~ Currents and voltages for the Ebers and Moll model




The lateral flow of collector and base currents in
integrated circuit transistors prevents the separation of
the terms in such a simple manner, and for such a transistor,

VC, Ve’ Vce(sat)*’ and ap are functions of RSc and the base

resistance, Ry. In fact, V., and V. become functions of the
lateral distance in Figure 1 and cannot be treated as constant

across the transistor (refs. 2, 3).

To examine the operation of the transistor under such
conditions, a distributed model with one-dimensional transis-
tors interconnected with appropriate resistors is developed.

Gosh (ref. 2) developed a similar model for operation in
the active mode, but did not apply it to saturated mode of
operation, and, thus, did not include the effect of Rsc'

It is assumed that the transistors to be modeled in this
manner will be gold diffused to improve their switching per-
formance. This technigue essentially eliminates the active
parasitics created by the substrate-collector junction of an
integrated circuit transistor (ref. 4). Therefore, the effect
of this junction is simply to constrain the collector current.
This constraint will be considered in the calculation of R

and accurate results may be obtained. sc
DEVELOPMENT OF THE DISTRIBUTED MODEL
The transistor shown in Figure 1 may be divided into
five regions:
Region I: The intrinsic region consisting of the
cross section which includes the emitter
Region IT: The area between the emitter and base
contact
Region III: The equipotential base contact region
Region IV: The region between the edge of the base
and the base contact
Region V: The region between the base and collector
contact

Regions II, III, and IV will be referred to as the
extrinsic regions. Each section of the intrinsic region
(Region I), represents a classical one-dimensional transis-
tor with the emitter area equal to the collector area. The
sections in the extrinsic regions are collector base diodes.
In Region III, the effective base resistance is zero because
of the ohmic contact, and in Region IV the base resistance



is assumed to be zero for simplicity. The validity of this
approximation is discussed later.

Figure 3 shows the distributed model for all regions of
the transistor. Using this figure as a guide, Vge(gat) may
be found by summing the terminal voltages.

v v + VvV, -V + Vlc (5)

ce (sat) = Ven b cnl

where the above voltages are functions of the terminal currents
and the "A" parameters of each region. Closer examination
shows that the voltages in Eg. (5) are also strong functions

of the lateral collector and base currents; therefore, Vg (sat)
determined from Eq. (5) will be accurate for "top collector"
transistors.

The values of the voltages in Eq. (5) can be found by
writing difference equations rather than differential equa-
tions using the distributed model as a guide. For Region I
(Figure 4), the current relationships are given by:

\% = A\
o) co
o = (1 - un) A, (exp vg—) + (1 - o) A . |exp () —l](6)
t | t
Veo Vco -
Ico = o Aee [exp (v——O] - Acc [exp (V_—) -1 (7)
t t -
that is: Ibo = fl (Ve, VC)
and I, = £, (v, V)
Vel = Veo * Tbho B (8)
Vel " Veo T Iho B T leo Re (9)

Subscripts 0 and 1 refer to the initial and first region
of the model shown in Figure 4. Typically, the change in
voltage from one section to another is in the order of few
millivolts, but because the currents are exponential func-
tions of these voltages, this change in voltage is important.
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The equations for the nth section in Region I are:

n n Vek
I, = L= 2 (1 -0a) A  expls—)
bn ]{z; 0 bk x <o n ee Vt
vek o)
= (1 - aI) Aec [exp (vz—) - 1]
n f: Vek
I = Yy I = an A exp (=—=)
cn k<o ck k2o ee Vt
(11)
\%
- cky _
= Acc [exp (V——) l]
t
with
Ve(k+l) = Vek + Ibk RB (12)
Vé (k+1) = VCk + Ibk RB - Ick Rc (13)
then, VeN' VCN’ IbN’ and ICN can be found by setting n = N

The equations governing the performance in Region II
are:

n - Vck -
I =1 + 2: A exp (=——) -1 (14)
bn bN k2 N+l cc_ Vt |
n A\
» ck 7
I, =Iv- 3 A Llexe (=) -1 (15)
cn cN k< N+l cc ] Vt |
VC(K+l) = VCk + Ibk Rbl - Ick RC (16)

The equations governing Regions III and IV are identical
to those for Region II with R, = 0.

With the equations written above, the necessary voltages

to find Vce(sat) are available.



Then

N
VeN = Veo + z; Ibk RB’ (17)
k=1
M
V=Z I, R_., (18)
b Kk 2 N+l bk "Bl
and
N M
Vo =V__+ 3 I R,+ 3 I,, R
cN1 co k<o bk "B k T N+L bk "Bl
N1 (19)
- I R
K 2;0 ck "c
Substituting Egs. (17), (18), and (19) into Eg. (5):
Ny
Vce(sat) = Veo B Vco + k§; 0 Ick Rc + Ich Rcl (20)

The terminal base and collector currents are evaluated at
n = N; and similar equations can be written for them.

With the results from the above equations, the necessary
currents and voltages are given in terms of V.o and Vg and
the A(e,c) parameters. With a judicious choice of V g and
Vep and the use of a computer, Vee (sat)can be calculated for
any desired terminal current.

THE EFFECTIVE INVERSE CURRENT GAIN

The effective a7 of an integrated circuit transistor
is a function of the lateral position of the current being
injected from the collector into the base. Figure 1 shows
the collector junction is much larger than the emitter
junction, and current injected long distances away from the
emitter will not contribute to the inverse emitter current
and thus reduce a7.

Assuming an inverse current gain, ayg, for Region I
and an inverse current gain of zero for the extrinsic regions,



then the results of the previous section can be used to cal-
culate the effective ajy. If I; is defined as the total base
current which originates in the collector and Ioj as the
total current injected out of the collector, the alpha ef-
fective inverse is given by:

Thi
o = (1 - +7) (21)
Ieff Ici
where Ici is given by:
Ny v
I =20: A, exp W (22)

where the summation extends over all regions of the transis-
tors, and

N A\

— - _C

Ibi - 2: (1 O‘I intrinsic) Acc exp (V )

k =0 t

(23)

;2 v
+ A exp (=)
k= Ng+l ce Ve

THE SERIES COLLECTOR RESISTANCE

The series collector resistance, Rge, may be approxi-
mated to be the resistance between two conducting planes as
shown in Figure 5b, with one contact representing the col-
lector N+ diffusion and the other the emitter diffusion
(Figure 5a). Assuming charge neutrality (i.e., v2p = 0) in
the collector area, mapping techniques (Egs. (5), (6), and
(7)) may be used to find the capacitance for this geometry:

K., (U./U,)
1 1'717 72
C =x¢€e, 2 ———-F7 (24)
2 0 K (Ul/U2
_m mL
where U; = 3g tan h i3 (25)
o L m
and U, = 5g tan h (ZE + 73) (26)
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Figure 5.- Shows the similarity of the cross-section of the integrated circuit

transistor (Part a) to the geometry, which was conformally mapped
by Kaiser and Castro




and Z in the length of the stripe perpendicular to the
directions shown. K and XK' are the complete elliptic integral
of the first kind of its conjugate respectively; i.e.:

291/2
U U
K' (%) = K [1 - (4 ] (27)

Utilizing the analogy between capacitance and resistance,
RC = p ee,, Smythe (ref. 8), where R and C are the lumped
equivalent resistance and capacitance, respectively, and p and
€€, are the distributed resistivity and permitivity of the
material, these results can be used to calculate the series
resistance for an integrated circuit transistor. The series
collector resistance for a transistor with emitter length Z
is:

_ o €€ _ - K (Ul/UZ)

[\)

Ree C -7 X (28)

The analysis has been two dimensional, but for most
transistors of interest, Z is >> L,d and the end effects can
be neglected. If Eg. (28) is used when Z = L, worst-case
value results.

LIMITATIONS OF THE MODEL

The model is accurate for low current ranges, but has
anticipated limitations at high current levels. Important
factors not included in the model which affect the results
at high current levels are:

(1) At high current levels, alpha will decrease because
of the electronic junction motion which increases
the base width, (refs. 9, 10), and, thus, reduces
the base transport factor and the emitter efficiency.
For large currents, conductivity modulation also
reduces the emitter efficiency, and the net result
is that, at high current levels, alpha will decrease
rapidly.

(2) The resistivity and associated resistances for the
base and collector regions are inversely related to
the majority carrier concentrations in these regions.
At high current densities, the number of majority
carriers is radically increased to maintain charge

11



neutrality, and the resistivity and the values of the
resistances are reduced.

(3) A third limitation to this model results from the
linearization of the series collector resistance.

It was shown that this resistance is effected by the
crowding of the current near the collector contact and
emitter, and the method for accurately calculating the
resistance is given especially for high currents. The value
of collector resistance used in each section of the model was
found by dividing the total Rg by the number of sections.
This linearization assumes a constant distributed collector
resistance. This assumption introduces a second-order
inaccuracy which becomes important at high current levels.

APPLICATIONS OF THE MODEL

The model is a distributed version of the non-linear
model proposed by Narud and Meyer (ref. 9) and will accurately
predict operation in the active mode. In the active mode, one
can predict the emitter current density for a given total
emitter current. As was shown by Kirk (ref. 10), the maximum
number of carriers passing through the collector-base deple-
tion region must be kept less than the ionized impurity dis-
tribution in that region for the transistor to operate.

The number of carriers passing through a region as related
to the current density may be determined. This model gives the
current density in any region, and thereby, provides a means to
exsure that the maximum allowable current density will not be

exceeded.

The model may be expanded to give the transient response
of an integrated circuit transistor. It would be necessary to
include both Jjunction and diffusion capacitances for each sec-
tion of the model. An analysis based on the model of the col-
lector region would give the storage time of the transistor;
however, the relationships are nonlinear and a computer solu-

tion would be necessary.

PRINCIPAL CONTRIBUTIONS OF MODEL

The model here proposed, and the techniques developed to
utilize it, offer significant aids to the device designer.

(1) Appropriate formulas were devised for the calculation
of the series collector resistance of integrated
circuit transistors.

12

S

A

ERAE

s ST R, S ety



(2) The expressions for the saturation voltage and
effective ap were developed from a distributed
model.

(3) Perhaps the most important result of this analysis
is the insight into the operation of the transistor
that has been gained by examining the potentials and
currents inside the transistor as a function of
lateral distance. This insight aids in the opti-
mization of transistors for a given function.

An experimental verification of the model here developed
shows excellent agreement with theory, and has been discussed
elsewhere (refs. 11, 12}.

REFERENCES
1. Ebers, J. J. and Moll, J. L.: Large Signal Behavior of
Junction Transistors. Proc. IRE, vol. 42, Dec., 1954,
pp. l1761-1772.
2. Gosh, H. N.: A Distributed Model of the Junction Transistor

and Its Application in the Prediction of the Emitter-Base
Diode Characteristic, Base Impedance and Pulse Response of
the Device. Trans. IEEE, on Electron Devices, Oct., 1965,
pp. 513-531.

3. Hauser, J. R.: The Effects of Distributed Base Potential on
Emitter-Current Injection Density and Effective Base
Resistance for Stripe Transistor Geometries. Trans. IEEE,
on Electron Devices, vol. ED-11, May 1964, pp. 237-242.

4, Meyer, C. S., Hamilton, D. J., and Lynn, D. K. (eds):
Analysis and Design of Integrated Circuits. McGraw-Hill
Book Company, New York, 1966.

5. Wolfe, P. N.: Capacitance Calculations for Several Simple
Two-Dimensional Geometries. Proc. IRE, vol 50, Oct. 1962,
pp. 2131-2132.

6. Kaiser, H. R., and Castro, P. S.: Capacitance Between Thin
Film Conductors Deposited on a High Dielectric Constant
Substrate. Proc. IRE, vol. 50, Oct. 1962, pp. 2142-2143.

7. Compton, J. B., and Happ, W. W.: Capacitive Design
Considerations for Film-Type and Integrated Circuits, Trans.
IEEE, on Electron Devices, vol. ED-11, Oct. 1964, pp. 447-
455,

13



10.

11.

12.

14

Smythe, W. R.: Static and Dynamic Electricity. McGraw-Hill
Book Company, New York, 1950.

Narud, J. A., and Meyer, C. S.: Characterization of Inte-
grated Logic Circuits. Proc. IEEE, vol. 52 - no. 12, Dec.
1964, pp. 1551-1564.

Kirk, C. T., Jr.: A Theory of Transistor Cutoff Frequency
Falloff at High Current Densities. Trans. IRE, on Electron
Devices, Mar. 1962, pp. 164-174.

Happ, W. W., Dickson, L. B.: W.: Design Evaluation of Dis-
tributed Saturation Characteristics in Integrated Devices.

NASA TN D-5889, Mar. 1970.
Dickson, L. B., and Happ, W. W.: A Distributed Model of the

Saturation Characteristics of Integrated Circuit Transistors.

Convention Record, International Conference on Solid State
Circuits, Philadelphia, Pa., 1967.

1



H
Q

H
0

= @'5 ~ 4
‘W—

xa

[

2 =2 =2

no

APPENDIX
Glossary of Terms
A basic parameter used to model transistors - defined
in Egs. (1) and (2)

The common base current gain of a transistor operating
in the normal mode, i.e., an = Ic/Ie, Vo = constant

The common base current gain of a transistor with the
collector acting as the emitter, i.e., in the inverse
mode.

Permitivity

Diffusion coefficient of minority carriers in a
semiconductor

Base current

Collector current

Emitter current

Current density in amps/cm2

Boltzman's constant = 8.63 X 107°

eu/°K
Reference voltage at 25°C of value - 26 millivolts

The complete elliptic integral of the first kind and
its conjugate

General section of distributed model, e.g., Eg. (12)
Diffusion length of holes in N-type semiconductors
The section immediately under the base contact

The section at the edge of the emitter

The section at the edge of the base-collector
junction

The equilitrium concentration of minority carriers in
the base of a PNP transistor
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q Electronic charge - 1.6 X 10 es,
RB Distributed base resistance under the emitter (in the
active region)

RBl Distributed base resistance in the enternal region ‘
Re The lumped resistance external to the collector-base

1 junction .
RSc The total series collector resistance /
Y Resistivity
Ve ( t),,,The saturation voltage of an ideal one dimensional

elsat) "t ransistor with no series resistance
vce(sat) The saturation voltage
Ve Emitter-base potential at any point
Vc Forward biased collector-base potential at any point,
W

The base width of the transistor in the active region

16

NASA-Langley, 1970 — 10 C=~128



NATIONAL AERONAUTICS AND SPACE ADMINISTRATION
WASHINGTON, D. C. 20546

FIRST CLASS MAIL

OFFICIAL BUSINESS

POSTAGE AND FEES PAID

NATIONAL AERONAUTICS AND

03U 001 34 51 30S 70195 00903

AIR FUORCE WEAPONS LABURATORY V
. A ; /WLOL/
KIRTLAND AFB, NEW MEXICO 87117

ATT E. LOU BOwMAN, CHIEF,TECH. LIBRARY

POSTMASTER:

SPACE ADMINISTRATION

If Undeliverable ( Section 158
Postal Manual) Do Not Return

“The aeronautical and space activities of the United States shall be
conducted so 45 to contribute . . . to the expansion of bunian knowl-
edge of phenomena in the atmosphere and space. The Administration
shall provide for the widest practicable and appropriate dissemination
of information concerning its activities and the results thereof.”

- —NATIONAL AERONAUTICS AND SPACE ACT OF 1958

TECHNICAL REPORTS: Scientific and
technical information considered important,

complete, and a lasting contribution to existing to mérit NASA distribution in English.

knowledge.

SPECIAL PUBLICATIONS: Information

TECHNICAL NOTES: Information less broad derived from or of value to NASA activities.

in scope but nevertheless of importance as a
contribution to existing knowledge.

TECHNICAL MEMORANDUMS:
Information receiving limiced distribution
because of preliminary aatg, security classifica-
tion, or other reasoms. = -,

TECHNOLOGY UTILIZATION
PUBLICATIONS: Information on technology
used by NASA that may be of particular

Publications include conference proceedings,
monographs, data compilations, handbooks,
sourcebooks, and special bibliographies.

NASA SCIENTIFIC AND TECHNICAL PUBLICATIONS

TECHNICAL TRANSLATIONS: Information
published in a foreign language considered

interest in commercial and other non-aerospace

CONTRACTOR REPORTS: Scientific and

applications. Publications include Tech Briefs,

technical information generated under a NASA Technology Utilization Reports and Notes,

contract or grant and considered an important

act © e and Technology Surveys.
contribution to existing knowledge.

Details on the availability of these publications may be obtained from:

SCIENTIFIC AND TECHNICAL INFORMATION DIVISION
NATIONAL AERONAUTICS AND SPACE ADMINISTRATION

Washington, D.C. 20546

%

i

e

2T

,;i-
By



